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Let D <R be a compact set and let @ be a uniformly bounded set of D — R
functions. For a given real-valued function f defined on D and a given natural num-
ber n, we are looking for a good uniform approximation to f of the form >7_, a;¢,,
with ¢;€ @, a;e R. Two main cases are considered: (1) when D is a finite set and
(2) when the set @ is formed by the functions ¢, ,(x):=s(v-x + b), where veR?,
beR, and s is a fixed R — R function.  © 1998 Academic Press

We consider the following nonlinear approximation problem. Let X be a
Banach space, f, ¢.€ X, c,eR (k=1,2,..), and

fzzck¢ka (1)

where the sum can be finite or infinite or more generally, f can be of the
form /= ¢;¢, du(2), in an appropriate setting. Given a natural number n,
we want to find, based only on (1), a good approximation to f by a linear
combination

n

&n= Z ai¢ki (2)

i=1

of at most n of the ¢,. Maurey (see [9]) has proved that if @ :={¢,} is
a bounded set in a Hilbert space X and if f eco(® u (—@)), then for every
n there is a g, for which | f— g, | = O(n~"?). The author [7] has proved
independently the same estimate for L, ¢ < co, assuming that the set @ is
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bounded in L. Moreover (see [8]), in a Hilbert space there exists a g,
for which

1/ = gnll <2e,(®)n=12 3 leil, (3)
k

where
(@) :=inf{e>0: & can be covered by n sets of diameter <e}. (4)

An estimate of the same nature was proved in [8] for L,, g < o0.

An important example of the above scheme is approximation by neural
networks. For x, y e R% we shall write x -y for the scalar product and |x|
for the Euclidean norm. The unit sphere {xeR“: |x| =1} will be denoted
by S,. We shall denote by C any constant that does not depend on # (but
may depend on d), so that C may have different values in different places,
even within the same chain of equalities or inequalities. In our proofs we
shall use random numbers, vectors, and functions, which we shall mark by
a tilde (as in ) when we want to distinguish them from the ordinary, non-
random ones.

Given a bounded set D<R? a function f: D—R called the target
function, a function s: R — R called the activation function, and a natural
number n, we want to approximate f by a function g,: D — R of the form

n

glX) = a;s(v; - x +b)), (5)
i=1
with a;, b;eR, v,e R? (a “single hidden layer feedforward neural network
with n neurons”). We suppose that we already know a representation of f
as a neural network,

f(x)zzcks(vk'x-"bk)a (6)
k

but with more than n, possibly infinitely many, terms. Of particular interest
is the case when the activation function is the unit step function o,

1 for t=0
Gm':{o for <0. (7)

In this case the quantity ¢,(®) of (4) can be easily estimated for L,(D), and
one can prove [ 8] the existence of g, of the form (5), for which || f— g, | .0y =
O(n~12=Y@D) for any fof (6) with Y |¢;| < oo, an improvement over O(n ~ ')
of Barron [2]. A better than O(n~'?) estimate is possible [ 8] also for L (D),
g < 0.
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The case of the uniform norm, treated in this paper, is substantially
different. The following simple example shows that in the general situation
one cannot expect in this case an estimate similar to (3) even if ¢,(®) n 1?2
is replaced by any sequence C, — 0 independent of f.

ExaMpPLE 1. In the space C[0, 1] let
[i=2n) 7 dy+ -+ o) (8)

with ¢, defined as follows. For m := (), consider the matrix (a; )i=1, .., 2n,
j=1,..m, in which the columns are formed by all possible 2n-dimensional
vectors with n coordinates equal to 1, the other n to zero. Let (#;)7'= [0, 1]
be some fixed points and let ¢,€ C[0, 1] be any function for which ¢,(z;)
=a, ;. Then f(¢;) = 1/2 for all j. On the other hand, for any linear combina-
tion g=37_, ¢,§; one has g(z;) =0 for some j, so that | f—g|>1/2.

Thus good estimates for || f— g, || in the uniform norm cannot be as
universal as in L,, ¢ < co. They can be valid only under some restrictions
on fand {¢;}. Barron [1] considers the approximation in the space L (D).
He proves that if the ¢, in (1) are indicator functions of sets D, = D and if the
family {D,} satisfies certain combinatorial conditions, then for every f of the
form (1) with 3, |c,| <1 there is a g, for which ||f— g, | < Cn~Y2 This is
true, in particular, when the D, are half-spaces v, - x + b, >0, that is, in the
case of neural networks with the activation function o. Yukich, Stinchcombe,
and White [ 12] extend Barron’s result to neural networks with rather general
activation functions. Moreover, they consider also the error of approximation
|D*f — D*g, | of partial derivatives, up to a certain order.

Our main results are stated in two theorems. Theorem 1 establishes a
finite dimensional analogue of (3) in the uniform norm. Let /% be the space
of vectors y=(yy, .., yy) with the norm |y| =max; |y;|, let @<=l be a
bounded set, and let ¢,(®@) be defined by (4) in the /Y metric.

THEOREM 1. For any fel” of the form
f=20k¢k, dre®, Z leel <1 9)
k k

and every natural number n there is a g,=3>7_ a;,, with 37_, |a;| <1 for
which

1f = gnll <4e,(®) n~'2 /log(N +1). (10)

We prove this theorem in Section 2 and show how it can be used in the
analysis of neural networks with continuous target and activation func-
tions. We also discuss briefly a related problem of approximation by sparse
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trigonometric polynomials. In Section 3 we address specifically the case of
the activation function o. It will be convenient to take D to be the unit ball
|x| <1 of R% Since a(At) = o(¢) for A >0, the v in o(v - x + b) can be restricted
to the unit sphere S,;, and we can assume, without loss of generality, that
|h| < 1. Indeed, otherwise the neuron o(v-x +b) is constant on D, which
means that all such neurons can be represented by just one term in (5).
Thus, the set {(v, b)} of parameters can be identified with the cartesian
product Q=0Q,:=S,x[ —1,1]. We define the product measure ¢ on Q
by setting u :=u; X u,, where g, is the (unique) rotation-invariant measure
on S, normalized by u,(S,;) =1 and &, is the Lebesgue measure on [ —1, 1].

THEOREM 2. Let f: D — R? be of the form

f(x)=ch(u,b)a(v-x+b)dﬂ, (11)

where ¢(-, )L (0, 1), lcllo<1. Then for any natural number n there
exist vy, by, a,, k=1, .., n, for which

< Cp~12-1e  Jlogn. (12)

sup

lxI<1

F) = Y ago(vg-x +by)
k=1

Remarks. (1) In the case of uniform norm one has to distinguish between
continuous linear combinations (11) and those of the form >, ¢ o(vy - x + by)
because one cannot “round off” the parameters in this case (the set of functions
{0,510, 4(x)=0(v-x+b):(v,b)€Q} is not precompact in L (D)).

(2) Assuming that |/c||; <1, Barron [ 2] proves for the functions (11)
an estimate < Cn~Y2in (12). Since u(Q) =2, we have ||c||; <2 |/¢| . Thus
our result is incomparable, generally speaking, with that of Barron as we
obtain a better estimate under stronger assumptions. However, typically
c(v, b) is a continuous or piecewise continuous function on Q, in which
case our result is, of course, stronger.

The theorems of this paper, as well as all the above mentioned results,
are proved by probabilistic methods. Again, there is a significant difference
between the proofs for L,, ¢ < oo, and for L. The available proofs for
g < oo deal only with averages (expectations or variances) of the random
quantities involved. In contrast, for ¢ =00 we shall need estimates of
probabilities of certain events, which usually requires more sophisticated
techniques. In [ 1] Barron derives his result from the uniform central limit
theorem of Dudley whereas the authors of [ 12] use also some other facts
from the so-called theory of empirical processes. We were unable, however,
to find general results that could similarly match our needs. Instead, in our
proof of Theorem 2 we modify and adapt to our construction the method
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of Vapnik and Chervonenkis [ 10] by which they prove their uniform law
of large numbers.

We try to keep our exposition elementary and essentially self-contained.
Although our goal is to establish only the existence of desired approxima-
tions, the proofs can serve as an outline for Monte Carlo type algorithms.
The logarithmic factors that appear in (12) and other L., esimates below
can probably be removed. It is certainly the case in (14).

The following estimate (13) is well known. It belongs to the family of the
so-called exponential bounds for large deviations (see, for example, [ 5, p. 266]).

Lemma 1. Let E=p,¢E+ -+ +B,E,, where By, ..., p, are real numbers
and &y, ..., &, are independent random variables with || < 1, E;=0,j=1, .. n
Then for every z>0,

P(I¢|>2)<2exp(—2%/(4B)),  B:=Y f. (13)

1

I =

J

Proof. The inequality ¢’ — ¢ <e* is valid for all real ¢. It is obvious for
t>1 and can be easily proved for 7<1 using power series expansions.
From this we get, for every real s,

2
E(e*9) = E(e%—s¢,) < E(e*4) < e

Due to the independence of the ¢,

n
l—[ sﬁ’é e’ B.

By the Chebyshev inequality P(f(&) > a) < Ef/a, valid for every random
variable &, every non-negative function f, and a >0, we have, for s> 0,

P(E>z) = P(e* = e”) <exp(s’B —sz).

Taking s = z/(2B), we get P(é>z) <e~#/4B) Replacing &, with (—¢,) we
similarly get P(¢ < —z)<e*/*®, and (13) follows. [

We illustrate the use of this lemma in the type of problems under
consideration by the following example.
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EXAMPLE 2. We shall prove that for the Bernoulli function f(x)=

> k7"coskx, r>1, and n=1,2,.. there is a function g(x)=
k 1
i1 a;cos k;x with at most n harmomcs for which
If— gHC[O 221 <Cn=rH12 /1ogn. (14)

For the proof we set f=f,+ f,+ f3, where fi(x):=>7%_1k " coskx,
fo=3F_, N:=n"=12/=1 Then

o
Hf3 H< Z k—rg CN_’+1<Cn_’+1/2.

k=N+1

We approximate f, by the random function &,,

3\(4

n N
Z S:=)> k-
i= k=n

where zzi, i=1, .., n, are independent, identically distributed random func-
tions. Each , equals one of the cos k(-) (k=n, .., N) with the probability
k~"/S (more formally, the subscript i is a random variable with the range
(n, ..., N)). Then for every i and every fixed x we have E(tﬁ (x)) =8 ~H5(x).
For a fixed x, let

where

—= P (x).

Then EE,=0. Since obviously |i,(x)| < 1, (1/S) | f>(x)| <1, we have |&,| < 1.
Therefore, by (13), for every x and every z >0,

2
P(|E|>z)<2exp<lz6;2>. (15)

Let Q, be the set of 4N points nv/(2N), —2N <v<2N — 1. It follows from
(15) that

P(max |f|>z)<8Ne ( Zn >
X Z)x X —_— .
_ P\ T16s?
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The latter probability can be made <1 by setting z=CS /(log N)/n with
sufficiently large C. This means that there exists a function g,(x) = (S/n) x
2_1cos k;x (some k; may be repeating), for which

max | f5(x) — gx(x)| < CS /(log N)/n=0(n""+t2_/log n).

xeQ N

This estimate can be extended from x € Q, to all x since

max |Ty(x)| < A4 max |Ty(x)
f?)

N

for some absolute constant 4 and any trigonometric polynomial 7'y of
order <N (see [ 13, Chap. 10, (7.30)]). We obtain a desired approximation
g (with 2n harmonics) if we set g=f1+ g,. |

The exact order in this problem, O(n~"*'2), is only slightly better than
(14) but it has been established with the help of much stronger tools (for
references and the latest in approximation by sparse trigonometric polyno-
mials, see [3, 4]).

Proof of Theorem 1. We use a construction similar to that of the proof
of Theorem 1 in [8]. We assume without loss of generality that f =
S¥_ 1 cxdr, and that m>n (otherwise there is nothing to prove), ¢, >0,
and Y7'_, ¢, =1. We fix some &> ¢,(®P) and represent the set @ :={¢,} 7
as the union of n disjoint non-empty subsets @, of diameter <¢ (in the /%
metric), so that @, ={¢,:kel,}, Uy_, I,={1,..m}. Let f, := 31 1P
S, '=2ker, Ck> Ny :=[nS,]+1, and let

LS = o L. -
gv:;(wi)++w;v))7 g::g1+"'+gna

where all the l%:), v=1,.,n k= 1, .., ,,, are independent random elements.
For a fixed v, all the zz(") k=1,. , are identically distributed; namely, each
Y is equal to some ¢, D, w1th the probability p¢" :=c¢,/S,.

It will be convenient to treat the elements of /Y as real-valued functions
of the argument x € {1, .., N}. We have

<

"eS, o

f(x)—g(x) = EO(x),  EP(x):= fv< — P (x)

v=1 v k=1

—~ o | =

16)

By a straightforward computation, E({’) = (1/S,) f,, hence E(Z{’(x))=0
for every x. Furthermore, for each fixed v and each x, the values of W”)( )
are within a distance <¢ from each other, consequently, at a distance <e&
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from their expectation. Hence |g§€”>(x)| < 1. We now apply Lemma 1 to the
double sum representing f(x) —g(x) in (16). We have
ZS 2 n 82S 2 82

B=§I’lv n, vzl nSv Z;

By Lemma 1, for z> 0,

2
P( max | f(x)=g(x)|>2) <2Nexp (—Z’j).
€
For z=4¢ . /log(N + 1)/n this probability is < 1, which proves (10) since ¢
can be taken arbitrarily close to ¢,(®@). ||

ExampLE 3. Consider approximation of a functionf: D - R, D= {xe R*:
|x| < 1}, by a neural network whose activation function s(z) =s,(7), 0 <h <1,
is a smoothed unit step function defined as a continuous function equal to
zero for t <0, to 1 for >/, and linear on [0, 4]. Suppose that

x) = cps(vy - X+ by), ol =1, k=1,2,.., Yl <1
k k

We may assume that |b,|<2 for all k for otherwise s(v,-x+b;) is
constant on D. Let s, ,(x):=s(v-x+b). Since s satisfies the Lipschitz
condition with the constant 1/,

Hsv,b vb”C(D)\ (lo=v"[+|b=0D"]).

It is not hard to derive from this by a standard argument the existence of
an e-net in C(D) for the set @ :={s, ,: |v| =1, |b| <2} containing ~ (¢h) ¢
elements. Equivalently, ¢,(®)~ (1/h) n=V<.

Similarly, for § := hn—3%? there is a 6-net D4 in D of cardinality N ~ (n*?/h)?,
By Theorem 1, we can approximate f(x) by a g(x)=237_, a;s(vy -x+ by )
with > |a;| <1 so that

sup | f(x) — g(x)| <(C/h) n="2= V¥ log(n*?/h). (17)

xeDg

Every function s, , satisfies the Lipschitz condition on D with the constant
1/h. Since 3, |¢, | <1 and Y, |a;| <1, the same is true for fand g. It follows
that with our choice of ¢ the estimate (17) can be extended to all xe D
(possibly with a different C).

Comparing (17) with the estimate (12) for the unit step function o, we
see that (17) gives a better order for n — co but deteriorates when /# — 0.
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We shall consider random functions g: D >R, D:={xeR?: |x|<1}.
More precisely, we shall introduce a probability space (G, &, P), where G
is a set of D — R functions, & is a g-field of subsets of G, and P is a prob-
ability measure on %#. We shall consider only those functions g for which
llgll :=sup,cp |g(x)| <oo. We assume that for every xe D and yeR, the
set {geG: g(x) <y} is measurable. We shall also deal with the space of
couples (g, g*) of independent random functions equipped with the product
measure P’ =P x P. We shall assume that ||g| and ||g —g&*| are random
variables on G or G x G, respectively. In our proof of Theorem 2 these
measurability assumptions will be trivially satisfied. The following lemma is
rather general; the set D in it can be arbitrary.

LemMMmA 2. Let sup,.¢ | gll < oo, and for a fixed x e D let f(x) := Eg(x)
and var g(x) be the expectation and variance of the random variable g(x). If

s>3ﬁ, V :=sup var &(x),

xeD

then
Pig: I f—&ll>e} <2P'{(g,&%): |8 —&*>¢e/2}. (18)

Proof. 1In the space G xG of couples (g, §*) consider two events, A
and B,

={lg-g*I>¢2},  B:={/-2l>¢}.
From the Chebyshev inequality
Prob{|E — EE| = 2} <var(&)/22
follows for every fixed x e D

4 1
PLE* 1(0) 2% (0)| > 62} < <. (19)

If || f— g|| > ¢ for some g e G, then |f(x,) — g(x,)| > ¢ for some x,€ D. On
the other hand, by (19),

P{g*: | f(xo) —&*(x0)| <2/2} > 11/2,

so that for every such g

P{g* |g—g*]>e/2) > 1/2.
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This implies, due to the independence of & and g*, the estimate for the
conditional probability: P'(A/B)>1/2. Since the event B involves only g
but not g*, we have P'(B) = P(B). Hence

P'(A)=P'(BA)=P'(B)-P'(4/B)= P(B)-(1)2),

as claimed. ||

A hyperplane in R is defined by some v e R?, b e Ras the set {x: v-x +b=0}.
The next lemma is well known (see, for example, [ 6, p. 385]).

LeEMMA 3. The largest number of connected components into which n
hyperplanes can split the space R? does not exceed (4en/d)“.

Proof of Theorem 2. 1t will obviously suffice to establish (12) for some
subsequence n,,~m% m=1,2, ... We may also assume that c(v, b) >0 in
(11) since ¢=c¢;—c, with 0<e¢y, ¢, <1. We break the set Q:={(v,b)}
into certain subsets with disjoint interiors, which we shall call clusters, so
that if (v, b) and (v', b') belong to the same cluster, then |v—1v'| <1/m,
|b—b'| <1/m. To this end, we cover the sphere S, by ~m“~! balls of
radius 1/(2m) centered on S,. That this is possible can be easily deduced
from the fact that the ball |v| <1 can be covered by 39m? balls of radius
I/m (see [6, p.487]). By eliminating the overlaps we obtain a covering
of §; by ~m?~! disjoint subsets 4;=S,, each of diameter <1/m. The
((d—1)-dimensional) area of each A; satisfies u,(A4;)<(1/m)?~" since it
obviously does not exceed the area of the sphere |v|=1/m equal to
(1/m)?=' uy(S,). We now define clusters Q, as the cartesian products
A;x A4y, where 4, are the intervals [k/m, (k+1)/m], k=—m,..m—1.
This gives the total of n~m9~1.(2m)~m? clusters Q,, and u(Q,) <
(1/m)?='.(1/m)=m~ for each i. With each cluster Q; we associate the
number

a, :=f (v, by du,  i=1,.n. (20)

i

Since 0 < c(v, b) <1, we have 0 <a,<m % We may assume that a;# 0 for
each i for this can be always achieved by an arbitrarily small perturbation
of ¢(v, b). Let (5,, b,) be the random point distributed on Q continuously,
with the density

c(v, b)/a; if (v,b)eQ;

pi(v, b) 1={0 if (v,b)¢Q;.
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We define a random approximation & to f by setting

a;6,(x),  Gi(x):=0a(l;-x+b,), (22)

9&
=
I
O
3
=
I
I M s

We assume that the 2n random variables

~ 7 ~ ~x Tk S Tk
vlabla~~~>vn9bnsvl7bla~~-sv 7b

are independent and let P denote the corresponding product measure. We
have

E(6,(x)) = (1/a;) f (v, b) o(v-x+Db)dy,
hence E(g(x))= f(x) for every x e D.
We now want to esimate the probability P(g: | f—g||>¢) for some
special ¢. In order to apply Lemma 2, we estimate the variance var(g(x))
for an arbitrary point x € D. We have, due to the independence of the &,,

var g(x) = i a? var(G;(x)) <m—* i var(6,(x)). (23)

i=1 i=1

Since 6,(x) can take only two values, 0 or 1, we have var(g,(x)) <1 for all
i. Moreover, if some cluster Q; does not contain a point (v, b) for which
v-x+ b =0, then the realizations of &, are either all 1 at x or all 0, so that
var(6,;(x)) =0. If for some xe D and some v, v', b, b’ we have v-x+b=0,
v'-x+b"'=0, and |v—0'| < 1/m, then we also have |b—b'| < 1/m. It follows
that for each A; there are at most three intervals 4, for which the cluster
A;x 4, contributes a non-zero term to the sum (23). Thus of the total
number n ~m? of summands in (23), only at most ~m9~! are non-zero
(the subset of non-zero summands varies with x), so that for every x

var g(x) <Cm? ' m=22<Cn— ' ~ V4 (24)

with C independent of x. This justifies the application of Lemma 2 for any
e= Cn~'271CD with sufficiently large C. According to this lemma, we
need to estimate the quantity 2P'{(g, §*): | § —g*| >¢/2}, where & and g*
are two independent samples. For a fixed x e D,

FN) =)= ¥ alo, x+5)—o(F x+BL. (25)

i=1
The parameter multivector in (25),

wi= (ﬁla bla ey 5n’ bna 5#9 B;ka ooy 5;59 b;k)’ (26)
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is a random variable distributed continuously on the cartesian product Q"
with the density

p(m}) ::pl(vla bl) "'pn(vna bn) pl(Uikn bik) ) "pn(v:zks b:lk)

The value of p(w) remains invariant if any point (v;, b;) is interchanged
with its counterpart (v, b¥), i=1, .., n. This fact enables us to treat the
choice of parameters (26) as a two-step procedure. We (1) select in each
cluster Q; two points, (v}, b;) and (v}, b} ), and then (2) arbitrarily designate
one of them as (v;, b;) and the other as (v*, b¥). For every outcome of the first
step there are 2” possible outcomes of the second step, all with the same
probability 27" For a fixed x and fixed v}, b}, v/, b}, i=1, ..., n, we have

g0 =2* )= Y Bl Bi=alo(w) x+b)—o(v] -x+b])],

where 0,, ..., 0, are independent random variables equal to 1 or to —1,
each with the probability 1/2, with the corresponding probability measure
P, defined on the vectors 6 :=(64, ..., 8,) by setting Py(0)=2"" for every
0. By Lemma 1 we obtain for fixed f;

(27)

(¢/2)
4B )

2P |3(6) — ()| > 8/2) <4 exp (

We have |f;| <m~% and the number of non-zero f3; is at most ~m?~! (for
the reason explained in the derivation of (24)), hence B=3Y"_, f?<
Cm~~1, From this and (27),

2P,{18(x) — &*(x)| > ¢/2} <4 exp(—Ae?m™), (28)

where A depends only on d (but does not depend on x or m). For fixed
v, b, v!, b!, i=1, .., n the function g(x)—g*(x) is piecewise constant
on D, and by Lemma 3, the number N of subsets on which it is constant
does not exceed (8en/d)”. Consequently, the norm || g — g*| equals the maxi-
mum of |g(x)—g*(x)| on some set of N points which can be considered
fixed while {v}, b}, v}, b/} | remain fixed. In view of (28),

2Po{[|g —8*| >¢/2} <4N exp(—Aem?*h). (29)
Since this estimate of conditional probability does not depend on the
condition (that is, on the choice of v}, b}, v}, b}, i=1, ..., n), P, in (29) can

be replaced by P’. Therefore by Lemma 2,

P(g: I/ =&l >e) <4N exp(—Ae®m?* ). (30)
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Since n = Cm?, the probability (30) will be <1 if we set

e:=Cn=1271CD Jlog N=Cn =271 [logn

with sufficiently large C. This fact implies the existence of g(x)=
¥, a;0(v;-x+b;) satisfying (12). |

Remarks. (1) A similar approach can be used in the case of more
general networks >, ¢, a(Pi(x)), where P, are polynomials in d variables
of degrees not exceeding /. A relevant result is the following generalization
[11] of Lemma 3: For any set of n polynomials, the number of connected
components into which the surface P, --- P, =0 splits R is at most (4eln/d)*.

(2) Sufficient conditions for the validity of certain error estimates in
neural network approximation can be expressed in terms of the Fourier
transform. Barron [ 1] proves that if a function f: D — R can be extended
to /€ L;(R?) with

J, 1ol 1f(@)] do < oz, (31)

then for each n=1,2,.. there is a g,=>,a,0(v,X+b,) for which
|/ = &nllz,py=O(n~"?). In the spherical coordinates (31) becomes

L i, (v) f:o r | f(rv)| dr < co.

We claim that under a stronger condition

sup [ 7| f(ro)l dr < oo, (32)

veS; "0

there is a g, for which || f— g,|| = O(n =2~V _/log n). Indeed, for every
a>0 and |t| <a,

a
e”=e”“+iJ o(t—1) e dr.

Hence for |x| <1, w #0,

) ) leol )
e’w"‘ze*"“"+if olw-x—1)e" dr.

—loo|
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By a change of variables, r := |w|, v := w/r, and since a(it) =a(t), A >0, we
get

1
e r=e""+ irf o(v-x—1)e" dr.
1

Substituting this into the inverse transform

f(x) = f(w) eim.xdw ZJ d/,ll(l)) J‘OO rd_l_f(}"l]) eirv-x dr,
R s, 0

we obtain

f(x)=Cp+ jQ c(v,7) o(v-x—1) du, c(v,7):=i jw rf(rv )e™ dr.

0

Therefore, due to (32), the function f(x)— C; satisfies, up to a constant

fa

ctor, the conditions of Theorem 2, which justifies our claim.
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